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We consider the problem of factorizing a structured 3-way tensor 
into its constituent Canonical Polyadic (CP) factors. This 
decomposition, which can be viewed as a generalization of singular 
value decomposition (SVD) for tensors, reveals how the tensor 
dimensions (features) interact with each other.   

Since the factors are a priori unknown, the corresponding 
optimization problems are inherently non-convex. The existing 
guaranteed algorithms which handle this non-convexity incur an 
irreducible error (bias), and only apply to cases where all factors 
have the same structure.  

Under some relatively mild conditions on initialization, rank, and 
sparsity,
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Take-away: TensorNOODL achieves orders of magnitude better 
performance, recovering the factors at a linear rate, while also 
providing guarantees on recovery of ALL factors!
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authors also express their gratitude to Prof. Nikos Sidiropoulos and Di Xiao for helpful discussions.
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parameters (–, —) averaged across Monte
Carlo runs using the total iterations T 3.
In line with theory, we observe a) in each
panel the total iterations (to achieve toler-
ance ‘T ) decreases with increasing (–, —),
and b) for a fixed rank and sparsity pa-
rameters the T decreases with increasing
(J, K), these are both due to the increase in
available data samples; also sample require-
ment increases with rank m. Furthermore,
only TensorNOODL recovers the correct sup-
port of Xú(t), crucial for sparse factor recov-
ery. Corroborating our theoretical results,
TensorNOODL achieves orders of magnitude
superior recovery at linear rate (Fig. 5) as
compared to competing techniques both for
the recovery of Aú, and Xú(t). Moreover,
since Xú columns can be estimated indepen-
dently, TensorNOODL is scalable and can be
implemented in highly distributed settings.
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Figure 5: Linear convergence of TensorNOODL.

Panels (a) and (b) show the convergence proper-

ties of TensorNOODL, Arora (b), Arora (u) and

Mairal‘09 for the incoherent factor A recov-

ery for (–, —) = 0.005 and 0.05 respectively for

m = 450, (J, K) = 500 and seed= 26. Panels

(c) and (d), show the recovery of Xú(t)
(i.e.

Bú(t)
and Cú(t)

) Aú
, and the data fit (i.e.,

ÎY(t)
≠ A(t) ‚X(t)

ÎF/ÎY(t)
ÎF) for TensorNOODL cor-

responding to (a) and(b), respectively.5.2 Real-world data evaluation
We consider a real data application in sports analytics. Additional real-data experiments for
an email activity-based organizational behavior application are presented in Appendix E.2.1.
NBA Shot Pattern Dataset
We analyze weekly shot patterns of the 100 high scoring players (80th percentile) against
30 teams in the 2018 ≠ 19 regular season (27 weeks) of the National Basketball Associ-
ation (NBA) league. The task is to identify specific shot patterns attempted by play-
ers against teams and cluster them from the weekly 100 ◊ 30 ◊ 120 shot pattern tensor.
Methodology: We divide half-court into
10 ◊ 12 blocks and sum-up all shots at-
tempted by a player in a game from a partic-
ular block, and vectorize to form a shot pat-
tern vector (R120) of a player against a par-
ticular opponent team. We use 2017 ≠ 18’s
regular season data to initialize incoherent
factor using [19], recovering 7 elements.
Discussion: In Fig. 6 we show 3 recovered
shot patterns and corresponding weights
(week-10). TensorNOODL reveals the simi-
larity in shot selection of James Harden and
Devin Booker, in line with the sports reports
at the time [52, 53]. The shared elements

(a) Element 4 (b) Element 5 (c) Element 6

Corresponding Sparse factor (Players) Coe�cients
Player Element 4 Element 5 Element 6

James Harden 0.1992 0.0678 0.2834
Devin Booker 0.0114 0.0104 0.4668

Figure 6: NBA Regular Season Shot Pattern data

analysis. TensorNOODL clusters the players and

the teams. We show the three recovered dictio-

nary factor elements shared by James Harden and

Devin Booker (believed to have similar styles) dur-

ing week 10 of the regular season (2018 ≠ 19).

show their shot preference above the 3-point line (Fig. 6(a-b)) and at the rim (Fig. 6(c));
See Appendix E.2.2 for detailed results, and Appendix E.2.1 for evaluations on Enron data.

6 Discussion

Summary: Leveraging a matrix view of the tensor factorization task, we propose
TensorNOODL, to the best of our knowledge, the first provable algorithm to achieve exact
(up to scaling and permutations) online structured 3-way tensor factorization at a linear
rate. Our analysis to untangle the Kronecker product dependence structure (induced by the
matricized view) can be leveraged by other tensor factorization tasks.
Limitations and Future Work: We use probabilistic model assumptions which requires
us to carefully identify independent samples. Although not an issue in practice, this leads
to somewhat conservative results. Future work includes improving this sample e�ciency.
Conclusions: We analyze an exciting modality where the tensor decomposition task can
be reduced to that of matrix factorization. Such correspondences o�er a way to establish
strong convergence and recovery guarantees for structured tensor factorization tasks.
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Algorithm 1: TensorNOODL: Neurally plausible alternating Optimization-based Online Dic-
tionary Learning for Tensor decompositions.

Input: Structured tensor Z ∈ Rn×J×K at each iteration t generated as per our model.
Parameters ηA, ηx, τ, T , and R chosen as per A.5 and A.6 for the dictionary learning
step.

Output: The dictionary A(t) and the factor estimates B(t) and C(t) (corresponding to the
current tensor Z) at each iterate t.

Initialize: Estimate A(0), which is (ϵ0,2)-near to A∗ for ϵ0 = O∗(1/ log(n))
for t = 0 to T − 1 do

Predict: (Estimate Coefficients)

Initialize: X(0) = TC/2(A(t)⊤Y) (1)

for r = 0 to R− 1 do

Update: X(r+1) = Tτ(r) (X(r) − η(r)x A(t)⊤(A(t)X(r) −Y)) (2)

end
X̂(X̂(t)) := X(R) (We drop (.)(t) in our discussion for simplicity.)
Learn: (Update Dictionary)

Form empirical gradient estimate: ĝ(t) = 1
p (A

(t)X̂(t)
indep −Y)(X̂

(t)
indep)

⊤ (3)

Take a gradient descent step: A(t+1) =A(t) − ηA ĝ(t) (4)

Normalize: A(t+1)
i =A(t+1)

i /∥A(t+1)
i ∥ ∀ i ∈ [m]

Recover Sparse Factors
Form Ŝ by putting back columns of X̂(t) at the non-zero column locations of Z⊤1 .
[B̂, Ĉ] = UNTANGLE-KRP(Ŝ)

end

Input: Tensor Z(t), an appropriate initial estimate A(0) of A, and parameters

Estimate the sparse matrix X for the current iterate

Iterative Hard Thresholding

Update the incoherent factor A based on X 

Approximate Gradient Descent

Output: Estimate of A, B(t), and C(t) at each iteration t

Untangle the Khatri-Rao Product Structure: Recover B(t) and C(t) given X
Singular Value Decomposition-based Algorithm

Main Result Under some conditions on initialization and inco-
herence of A(t) and sparsity of B(t) and C(t), with probability at
least (1−δalg) for some small constant δalg the estimate X̂(t) at t-th
iteration has the correct signed-support and satisfies

(X̂(t)
i,j −X

∗(t)
i,j )

2 ≤ ζ2 := O(s(1−ω)t/2∥A(0)
i −A∗i∥),∀(i, j) ∈ supp(X∗(t)).

Consequently, UntangleKRP recovers the supports of the sparse
factors B∗(t) and C∗(t) correctly, and ∥B̂(t)

i − B
∗(t)
i ∥2 ≤ ϵB and ∥Ĉ(t)

i −
C∗(t)i ∥2 ≤ ϵC , where ϵB = ϵC = O( ζ2αβ ).
Furthermore, the estimate A(t) at t-th iteration satisfies

∥A(t)
i −A∗i∥2 ≤ (1−ω)t∥A(0)

i −A∗i∥2, ∀ t = 1,2, . . .

for some 0 < ω < 1/2.

Incoherence of A*

Columns of  A* 
are sufficiently 
“spread-out”

Appropriate 
Initialization

∥A(0) −A∗∥ ≤ 2∥A∗∥
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∥A(0)
i −A∗i∥ ≤ ϵ0
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Parameter Choice

Appropriately 
chosen step size 
and threshold 

parameters

Properties of Sparse Factors 

Two sources of randomness:  
Location of the non-zero entries 

(Support) and,  
 Values taken by the non-zero entries

Sparsity

for
αβ = O(√n/mµ log(n))

m =Ω(log(min(J ,K))/αβ)
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Entries from  
sub-Gaussian Distribution

B∗(t) ∈ ΓsGα,C

Bernoulli(α)

C∗(t) ∈ ΓRadβ

Bernoulli(β)

Entries from  
Rademacher Distribution

For Dictionary Learning Y = non-zero columns of ZT
1

non-zero and independent

Khatri-Rao Product (KRP) 

Z⊤1 =A (C⊙B)⊤
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Fig. 1: Convergence Performance. We compare the performance of 
TensorNOODL with other tensor-structure agnostic DL algorithms [3,4] 

Synthetic Data

Fig. 2: Number of Iterations as a Surrogate for Sample Requirement 
to Reach a Target Tolerance of 10-10

Real-World Data Fig. 3: NBA Shot-Pattern Analysis 
100 Players, 27 Weeks from 2018-19
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Origin of Kronecker Product Dependence Structure

A Dictionary Learning Problem!

Z 2 RN⇥J⇥K(t)

Tensor

Incoherent  
columns

Sparse

Z(t) =
m∑

i=1

Ai ◦B(t)
i ◦C

(t)
i

Z(t) ∈ Rn×J×K
Z(t) =

m∑

i=1

Ai ◦B(t)
i ◦C

(t)
i

Z(t) =
m∑

i=1

Ai ◦B(t)
i ◦C

(t)
i
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