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What is this work about”

d&&ﬁomary (enowin)
Thin (1 > &) or Fat (n < &)

data L{::;E"’:; dictionary sparse part 1
8 MON=Zeros globad.i.
X = USV /
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Applications

Mipeng dows
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Figure source: Blei, D. M. (2012). Probabilistic topic models. Communications of the ACM, 55(4), 77-84.

Traffic Anomalies Topic Modeling Hyper-Spectral Imaging

Mardani, Mateos and
Giannakis, 2013

Fat dictionary Thin dictionary Thin dictionary

(More on this Later)
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Recall

dictionary (enowin)
Thin (1 > &) or Fat (n < &)

Low=-rank
(ranie: r)

X =UXV’
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Optimization Problem

minimize || X[+ AllAll1 s.t. Y = X+ RAg
X A
|.|[x = nuclear norm and ||.|[; = [ —norm of the vectorized matrix.
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Robust PCA

Prior Art

Y

i

< N

S

e

N

m Y

Q DT

e b

O =
<

wd )
5t
&
qu
¥
O) =
-, -
O ©
Al O
= s
qu)
.mﬂuuh
Wg
=
MS

S 0

&LV.._ o @ P

S =S e
NG
.|%VJ
-GS
35 8
dnm
c @ O
ol sl
O O ®



Outlier Pursuit
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Fat, orthogonal rows
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Our Contributions

—stablish recovery results for the
Fat dictionary case

EStab”Sh_ recovery results for the with constraints on the global sparsity of A
Thin dictionary case and k non-zeros per column
with constraints on the global

Remove orthogonality constraint on the

rsity of A
Sparsity O rows of the dictionary
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Our Contributions

Establish recovery results for the
Thin dictionary case
with constraints on the global
sparsity of A

. | I paper
This talk (analogous &E Ef\e Ehin case)
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Theoretical Underpinnings

14



vS. Fat

Thin

Frame Condition Restricted Isometry Property

For all vectors v € R?, For all k-sparse vectors v € R?,

F.|v]z < [Rv]; < Fylvl (1= 8)|v]]2 < |Rv|Z < (1 + &) v|2

0< F; <Fygy

Thin (1 > &) Fab (W < &)

. Theoretical Underpinnings



Recall

dictionary (enowin)
Thin (1 > &) or Fat (n < &)

Low=-rank
(ranie: r)

X =UXV’
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X =UXV

P

UWl + W2V,7
Wi, W5 € R™*r

Low-rank
X

Subspaces

()

H < Rde

Same support as

Ay

Sparse Coefficient
A

H c ()

Dictionary Sparse
RA

17

P P,
Projection Matrix Projection Matrix
for the for the
column space of X row space of X
Column space of X Row space of X
U V

Theoretical Underpinnings



X =UXV’

P :Low-rank X Parameters

{2r :Dict. Sparse RA

l’L /yUR

2
. Pa(Z)|F o [PuRe|
el |Z] T Re?
How close is RA to the Does the column space of
low-rank part X? X resemble the dictionary?

P(.) denotes projection, ||.|| = spectral-norm and ||.||.c = max. element 18

§

max || Pye;|| IR'UV|
1
Is the row space of X The max inner-product of
sparse? R and UV’

Theoretical Underpinnings



Optimality Conditions
minimize [|X]|s +A||A|l; st. Y=X+RA (1)

X.A

-] — Hutibal=u1ot il alt -1 — t1741oL i 1ricoictuidi UIIUBIPIIIIIIIIQS
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Optimality Conditions

minimize || X|« + A||A]1 s.t. Y=X+RA (1)

X.A

L(X, A, A) = ||X

|.]l« = nuclear-norm and ||.||; = [1-norm

. T A

A

20

1+ (ALY =X —RA)

Theoretical Underpinnings



Optimality Conditions

minimize || X|« + A||A]1 s.t. Y=X+RA (1)

X.A

L(X, A, A) = ||X

cirsteorder A € OX[1X ]l
optimality
|.]l« = nuclear-norm and ||.||; = [1-norm

. T A

X=Xp

Al +(A,Y — X —-RA)

R'A - A@AHAHl

A=Agp

- Theoretical Underpinnings



Dual Certificate

AeUV' + W, [[W]| <1, Pe(W) = 0nsxm

F-'férs&*orcir .
OP%E,eMOLLE,Ev R/A -~ )\Slgn(AO) —I— )\F, HFHOO S ].7 PQ(F) — Ode

Lemma 1 : (from Lemma 2 in Mardani et. al and Thm. 3 in Xu et. al.): If
there exists a dual certificate T' € R™"*™ satisfying

Cl: Pe(I') =UV’ C2: Pqo(R'T) = Asign(Ay)
C3: [Per(D)]] < 1 Chd: ||Por(RD)oe < A

then the pair {Xo, Ao} s the unique solution of eq (1).

(.)L denotes the orthogonal complement. 50 TheOretI0a| Underp|nn|ngs



Dual Certificate

AUV + W, [W] <1, Pe(W) = 0nxm

ﬁrs%—wmir ,
ittty BA € simn(Ag) + AF, [Fllx <1, Pa(F) = O

Lemma 1 : (from Lemma 2 in Mardani et. al and Thm. 3 in Xu et. al.): If
there exists a dual certificate T' € R™"*™ satisfying

Cl: Pe(I')=UV"  C2: Po(R'T) = Asign(Ayp)
C3: |[|[Pepr(D)|| < 1 Ch: |[[Por(RT)][eo < A

then the pair {Xo, Ao} s the unique solution of eq (1).

(.)L denotes the orthogonal complement. 23 TheOre’[IC&| Undel’plnnlngs



Analyzing the Dual Certificate [

minimize || X|, + Al|Al;1 s.t. Y =X+ RA

X A
Definition D.1. Assumption A.1.
)\min .= %—l—g Amax = Amin
O = Fra—wp=e » Where Fp < Assumption A.2.
¢t i = “L[(1 + 2ypr)(min(s, d) + syv) + 2syy] — =& [min(s, d) + syv] (1—)2 m
Smax +— 9 =
Definition D.2. _ “;;?ﬂ;?;ﬂ for s < min (d, Smax)
1 2
Amax ‘= 7 (\/FL( 1 —u ) — \/TFU,M) JUR = (1;(%,9_725;‘/7 for d < s < Smax

o Theoretical Underpinnings



Analyzing the Dual Certificate |51

minimize | Xl + Al|A|l; st. Y =X+ RA

X,A
Ain 1= EE Existence of \
.~ Characterizes Amin @ _
¢t = ZL[(1 + 2ypgr)(min(s, d) + syv) + 2syy] — &= [min(s, d) + syv] (1—1)2 m
Smax +— 2 ,
- Interplay of parameters . |
Ao Characterizes A\ppax Fo/t) R [ SR S .

. Theoretical Underpinnings



INnterplay of parameters
vl

How close is RA to X?

q S

Measure of coherence Global sparsity of A
between R and UV

/yUR ﬁyV

s the column space of X acting like R? s the row space of R sparse?

o6 Main Result



Main Result (Thin Case)

Theorem 1 - Consider a superposition Y = Xg + RAg, of a low-rank ma-
trix Xo € R™*™ of rank r, and a dictionary sparse component RAg, wherein
the dictionary R € R"*? with d < n obeys the frame condition with frame
bounds [Fr,Fy] and the sparse coefficient matrix Ag € R4*™ has at most s
non-zeros, i.e., ||Agllp = s, with parameters yygr, & v € |[r/m, 1] and u €
0,1].

Then, if the assumptions A.1. and A.2. hold for any A €[ Amin, Amax|, then

solving the optimization problem shown in eq.(1) will exactly recover matrices
X() and A().

- Main Result



Phase transition in rank and sparsity for § < Smax

» ™
100 ' 100 e
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(a) (b) (C)

Fig.1 - Recovery for varying ranks of X and sparsity of A for the thin case with d = 5. Average recovery across 10 trials, n =
m = 100, success (in white) is determined by [|X — X||z/||X]||r <0.02 and ||A — A||r/||A||lr < 0.02. We use the
accelerated proximal gradient algorithm outlined in Mardani, Mateos, and Giannakis, 2013.

TS( FU L / ,ul C’\/7)

* the parameters are manually tuned, 28

Simulations



Phase transition in rank and sparsity for $ > Smax

60 f 60
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Sparsity, s Sparsity, s

Fig.1 - Recovery for varying ranks of X and sparsity of A for the thin case with d = 5. Average recovery across 10 trials, n =
m = 100, success (in white) is determined by [|X — X||¢/||X]|r <0.02 and ||A — A||r/||A]|r < 0.02. We use the
accelerated proximal gradient algorithm outlined in Mardani, Mateos, and Giannakis, 2013.

59 Simulations



Phase transition in rank and sparsity for $ > Smax

X A
. . This Work
Deterministic analysis
0| 20 (Location of non-zeros)
LD . 40 _ 40/
| = s0 £ 30
) Qv
= =

Future Work

Randomized analysis
(Location of non-zeros)

100 200 300 400 500 100 200 300 400 500
Sparsity, s Sparsity, s

Fig.2 - Recovery for varying ranks of X and sparsity of A for the thin case with d = 5 for all sparsity levels. Average recovery
across 10 trials, n = m = 100, success (in white) is determined by || X — X||z/||X||r < 0.02and ||[A — Al|z/[|A]lr < 0.02 .
We use the accelerated proximal gradient algorithm outlined in Mardani, Mateos, and Giannakis, 2013.

20 Simulations



Application
Target |dentification in Hyper-spectral Imaging

Low rank Par& m&&cmar:j Sparse Fmr% Crround. Erubh

Fig.2 - |dentitying the Stone-steel towers in the Indian pines hyper-spectral image data. The video shows the result of demixing of
the 50th spectral band into a low rank part and a dictionary sparse part for across the range of As.

o Simulations : Motivating Example



Future Work & Conclusions
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Future Work

Extend the results to higher sparsity levels

by assuming a random distribution on the Analyze the problem for the noisy case
locations of non-zeros of coefficient matrix Can we hope for support recovery in the
A presence of noise”
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Conclusions

We analyze a dictionary-based generalization of the robust PCA
problem, wherein the known dictionary R can be thin or fat.

In the thin case, we assume that the dictionary obeys the frame
conditions, while in the fat case it obeys RIP of order K.

We relax some of the constraints required by the prior art, namely
orthogonality of rows of R and sparsity of rows of A for the fat case to
orovide a unified analysis.

The predicted trend is confirmed by the experimental results in the form
of phase transitions in rank and sparsity.
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Thank You!

Questions and comments are welcome.
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